In the present paper we calculate the centers and radii of Weyl circles from the Nevanlinna parametrization for various one-dimensional moment problems (Hamburger moment problem, Stieltjes moment problem, truncated moment problem for finite intervals).
Introduction
Let s = (s n ) n∈N0 be a real sequence and K be a closed subset of the real line. The K-moment problem asks for a positive measure µ on K ⊆ R such that
holds for all n ∈ N 0 , i.e., it asks for a measure with given moments s n . Necessary and sufficient conditions for the existence and uniqueness of such measures are 5 well known and can be found in the standard literature, see e.g. [1] [2] [3] [4] [5] [6] [7] and references therein. The aim of the paper is to give a unified approach to the Weyl circles for various one-dimensional moment problems. In section 2 we derive a technical lemma which is crucial in what follows. As a first application we reprove the 10 well known center and radius for the Hamburger moment demonstrating the best case of simplifying these formulas. Thereafter, we deal with the Stieltjes moment problem on [a, ∞) showing that formulas become more complex. At last we treat the truncated moment problem on [a, b] , R \ (a, b) (R \ for all p, q ∈ C[x]. The Gram-Schmidt orthonormalization of {x n } n∈N0 with 20 respect to L s gives the orthonormal polynomials of first kind {P n (x)} n∈N0 and the polynomials of second kind Q n (x) can be defined by
where L s,x means that L s acts on x and z is treated as a constant.
Representing measures from self-adjoint extensions. where N denotes the null space of · , · s . Furthermore, defining the multiplication operator M x on C[x] by (M x p)(x) := x · p(x) we find that M x is a densely defined symmetric operator and every self-adjoint extension X gives a spectral measure µ X ( · ) := E X ( · )1, 1 which solves the moment problem
On the other hand, every representing measure of the moment problem is of this form, see e.g. [3, Thm. 16.1]. Let X F be the Friedrichs extension of M x 25 then we have
for all z ∈ C \ [γ, ∞) where γ = inf(σ(X F )), see e.g. [7, Prop. 5.6 ].
Nevanlinna functions. The solutions of the moment problem can also be characterized by using the following functions and relations.
1.1 Definition (see e.g. [3, Lem. 16.19 and p. 379]). For z, w ∈ C and n ∈ N 0 we define
, and
As n → ∞ these functions converge uniformly on each compact subset of R 2 . Therefore, setting
we obtain entire functions A, B, C, D on R 2 . For all these functions we sum-30 marize some relations in the next lemma.
1.2 Lemma (see e.g. [3, p. 390]). Let z 1 , z 2 , z 3 , z 4 ∈ C and n ∈ N 0 ∪ {∞}. Then:
These relations can be proven with the following lemma and Definition 1.1 for n < ∞ and then by going to the limit n → ∞ for A, B, C, and D using uniform convergence on each compact set in C 2 . It is proven by direct computation and 45 provides hints to simplify the center and radius formulas.
Nevanlinna Parametrization. Besides the description of all solutions by selfadjoint extensions, the solutions of the indeterminate Hamburger problem can also be characterized by Pick functions, i.e., for all z ∈ C
is a one-to-one correspondence between the Stieltjes transform of the representing measures µ and the Möbius transform of Pick functions Φ.
Main Tool
Our main tool for the calculations of the center and radii of the Weyl circles is the following lemma. Proof. Without loss of generality let I = R and note that
is a circle with center M = −i/2 and radius R = 1/2. Otherwise, each circle is uniquely determined by three points, i.e., only #I ≥ 3 is required. Then from
we find
2.2 Remark. In the case that 
Hamburger Moment Problem
Let us now reprove the formulas for the center and radius of the Hamburger moment problem to see how the relation between A, B, C, and D work together. 
Theorem
and radius
Proof. The boundary ∂K z is parametrized by
and therefore we have 3.2 Remark. From the parametrization
of the truncated Hamburger moment problem for {s k } 2n k=0 we find the center
and the radius
see e.g. [5, Thm. 1]. As n → ∞ the center and radius in eqs. (3) and (4) tend to the center and radius of the Hamburger moment problem in Theorem 3.1.
3.3 Remark. From the previous remark and the proof of Theorem 3.1 we see that any parametrization
gives the same center and radius for all a ∈ R, i.e., the change between different a's results only in a linear transformation of t with real coefficient in front of t.
Stieltjes Moment Problem on [a, ∞)
In the previous section we used the fact that for fixed z ∈ C + the values Φ(z) are the whole C + and therefore only required the image of its boundary
The following treatment of the Stieltjes moment problem on [a, ∞) reveals in a very easy way that for fixed a ∈ R the boundary of {I z (µ)} depends solely on ∂{Φ(z)}. Recall the following proposition.
Proposition
is one-to-one correspondence between Pick functions Φ ∈ P a,ta and solutions µ of this moment problem. Additionally, all Φ ∈ P a,ta have the form
and ρ a measure with
Therefore, we have to calculate {Φ(z) | Φ ∈ P a,ta }. 4.2 Lemma. Let a ∈ R. Then we have
Proof. Since every Pick function Φ in P a,ta can be written as Φ(z) = β + ∞ a dρ(z)
x−z for some β ≥ t a and some measure ρ with
The inclusion ⊇ in ( * ) follows easily by setting ρ = γδ a (γ ≥ 0). The harder part is to prove the inclusion ⊆. i.e., ∂K(z) is parametrized in mathematical negative direction.
Finally, let ρ be a measure. Then either Φ(z) = ∞ and therefore it is in the right set of ( * ) or we can find finite atomic measures ∆ n = n k=1 c
k > 0 for all k = 1, ..., n and n ∈ N such that
for some c > 0. And since K(z) is closed, we also have
x−z in the right set 110 of ( * ). This shows that also ⊆ holds in ( * ) and equality is proven. 
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The bounding arcs of L(z) have the parametric equations
and
and belong to circles K 1 (z) and K 2 (z) with center m i and radii r i given by
D(z,a)t+B(z,a) and P := P a,ta (z) := {Φ(z) | Φ ∈ P a,ta } for z ∈ C + , then by Lemma 4.2 we have P = P a,ta (z) = β + t a − z β ≥ t a , t ≥ 0 and boundary ∂P = ∂ 1 P ∪ ∂ 2 P with 125
The vertices of L(z) are w 1 (∞) = w 2 (∞) = −C(z, a)/D(z, a) and
The angles at the vertices are by symmetry equal and also equal to arg(1/(a− 130 z)), the angle between ∂ 1 P and ∂ 2 P which is preserved by H 
, 1 Note that in [5] the Stieltjes transform is chosen with a different sign, i.e., b a dµ(t) z−t . Therefore, Krein's Lm(z) lies in the lower half plane of C. )D n (z, b) ;
and for m = 2n + 1:
.
The center and radii of the bounding circles are summarized in the next theorem.
5.2 Theorem. The circle K 1 (z) corresponding to w 1 has center m 1 and radius r 1 and the circle K 2 (z) corresponding to w 2 has center m 2 and radius r 2 given by
Proof. We always apply Lemma 2.1 with different α, β, γ, and δ. For K 1 (z) we have
, and δ 1 = −D n (b, z) by Lemma 1.2 and it follows that α1 β1 
where C > 0 and 0 ≤ f (z) ≤ 1 a.e. on E m .
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6.3 Proposition. Let z ∈ C + , a < b, and E := R \ (a, b). Then
Proof. Since S(E m ) is a cone {F (z)} F ∈S(E) is a cone in C + for any z ∈ C + . Define the rays
Then we have
We will show that 0 ≤ arg F f (z) ≤ arg − while µ ranges over all solutions and the moment problem is solvable on E m iff ( * ) is non-empty. This is also found in the other Weyl circle cases and we therefore get an easy method to handle more complicated cases, restrictions, and combinations: take the Weyl circle K 1 (z) for the Hamburger moment problem and intersect it with all Weyl circles K 
